A new criterion is given for choosing the coupling constant in a system of coupled chaotic oscillators to guarantee their synchronization. The criterion is derived from a new observer design methodology based on Lyapunov stability theory. As an example and application, we prove the conjecture that synchronization of two chaotic Chua circuits can be achieved with the second state as the coupling variable provided that the coupling constant is suitably chosen according to the new criterion.
Introduction
Recently, there has been considerable interest in chaos synchronization and its applications in communications [Ogorzalek, 1993; Hasler, 1997; Chen, 1998; Chen & Dong, 1998 ]. In the studies of various chaos synchronization problems, sensitivity issues with respect to parameter mismatch and noise disturbances are of great importance. One of the widely used criterion for chaotic synchronization is that all conditional Lyapunov exponents of the coupled system are negative. However, recent research has shown that this is neither a necessary nor a practical sufficient condition: Chaos synchronization is still possible with the existence of a positive conditional Lyapunov exponent; and the presence of extremely small disturbances (from system noise or parameter mismatch) can cause chaos synchronization to break down.
Two typical engineering approaches to understanding and achieving chaos synchronization are nonlinear observer design [Nijmeijer & Mareels, 1997; Fradkov et al., 1999] and Lyapunov stability methods [Wu & Chua, 1994; di Bernardo, 1996] . Although the Lyapunov stability theoretic approach is mathematically rigorous and can sometimes provide robust and global results, there is generally no routine procedure for constructing a suitable Lyapunov function for a given pair of coupled chaotic systems. On the contrary, there are some standard methods for observer design for a general system; so this approach can be advantageous in some applications.
In this paper, by applying a new observer design methodology developed for general nonlinear systems [Rajamani, 1998; Rajamani & Cho, 1998 ], we present a new criterion for choosing the coupling constant in a coupled system of chaotic oscillators, so as to guarantee their synchronization. This new observer design method is based on the Lyapunov stability theory; therefore, in a way it combines the aforementioned two successful approaches for chaos synchronization. Wu and Chua [1994] have conjectured that synchronization of two chaotic Chua circuits can be achieved with the second state as the coupling variable when the coupling constant is large enough. In this paper, as an example and application, we confirm this conjecture by means of showing that synchronization can be achieved when the coupling constant is suitably chosen from among a certain interval of real values. The conclusion that we have reached is consistent with the well-known observation that, for two Chua's circuits coupled by the second-state variable, too large a coupling effect would actually decrease the synchronization speed.
Throughout the paper, · denotes the Euclidean norm, cond(T) = T T −1 the conditional number of matrix T, σ min (M) the smallest singular values of matrix M [Golub & van Loan, 1983] , Re{a} the real parts of a complex number a, and j = √ −1.
A New Observer Design Methodology
Consider a nonlinear system described bẏ
where x ∈ R n and y ∈ R m are state and output of the system, respectively, A ∈ R n×n and C ∈ R m×n are constant matrices, Φ(x) ∈ R n is a nonlinear function satisfying the Lipschitz condition
for a constant ρ (called the Lipschitz constant). The observer is assumed to be of the forṁ
where L is a constant gain matrix. It is clear that the estimation error e = x −x satisfieṡ
It might be easily speculating that stability can be guaranteed by simply placing the eigenvalues of (A − LC) on the left-half complex plane, far away from the imaginary axis. However, this intuition is not always correct due to the nonlinearity existing in the system. Therefore, more rigorous criteria are needed for the design of the observer.
Theorem 1 [Rajamani, 1998] . Suppose that in system (1), the pair (A, C) is observable. If L can be chosen to ensure that (i) (A − LC) is stable in the sense that the real parts of its eigenvalues are all negative; (ii) the following singular value condition is satisfied:
then there exists a positive definite matrix P such that V = e T Pe is a Lyapunov function for the error dynamical system (3). Consequently, this error system with the observer given by (2) is asymptotically stable in the sense that
Remark. The pair (A, C) is said to be observable if all distinct states of the corresponding linear systeṁ
are distinguishable from the output y(t). It is well known in linear system theory that the pair (A, C) is observable if and only if the following rank condition is satisfied [Kailath, 1980] :
or equivalently, for any complex number λ,
Theorem 2 [Rajamani, 1998] . Let {λ i } n i=1 and T be the eigenvalues and the matrix consisting of the corresponding eigenvectors of (A − LC), respectively, namely,
then inequality (4) holds.
Remark. Roughly speaking, by the well-known Bauer-Fike Theorem in linear algebra [Gloub & van Loan, 1983] , min i Re{−λ i } − ρ · cond(T) characterizes the convergence speed of the error e(t) tending to zero.
The above results present a sufficient condition for system stability in terms of the eigenvalues and eigenvectors of (A − LC) as well as the Lipschitz constant ρ: The eigenvalues have to be sufficiently negative and the eigenvectors have to be sufficiently well-conditioned, so as to dominate the Lipschitz nonlinearity of the system. Generally, the problem of choosing the gain matrix L so that (5) holds is a complex nonlinear optimization problem. Nevertheless, an analytical solution for a stable observer gain can be found if A is stable and the distance to unobservability of the pair (A, C) exceeds the Lipschitz constant ρ [Rajamani & Cho, 1998 ].
In the next section, we give a new and easily verified criterion for synchronization of coupled chaotic oscillators based on the above existing results.
A New Criterion for Synchronization of Coupled Chaotic Oscillators
Consider two x i -coupled chaotic systems described byẋ
where x andx are n-dimensional states of the master system (6) and the slave system (7), respectively, c(> 0) is the coupling constant, and
The slave system (7) can be viewed as an observer for the master system (6), where x i is the scalar output of (6) and
Theorems 1 and 2 together imply the following result:
and T be the eigenvalues and the matrix consisting of the corresponding eigenvectors of (A − cK), that is,
For a given coupling constant c, if
then the master system (6) and the slave system (7) are synchronized in the sense that the synchronization error e = x −x tends to zero asymptotically:
Clearly, just like many other Lyapunov function based criteria, Theorem 3 only provides a sufficient condition; namely, if we cannot find a constant c such that condition (9) is satisfied, it does not mean synchronization between (6) and (7) cannot be achieved. Note also that it is sometimes possible to use a coordinate transform to reduce the value of the term on the right-hand side of (9). Consider the following nonsingular coordinate transform:
where D ∈ R n×n is a nonsingular matrix. The dynamics for z andẑ are then given bẏ
where
Therefore,
We denote by ρ D the new Lipschitz constant; that is,
It is easy to see that
Clearly, x andx are synchronized if and only if z andẑ are synchronized. Note that the eigenvalues and the matrix of the eigenvectors of A − cK are {λ i } n i=1 and DT, respectively. We have immediately the following simple generalization of Theorem 3:
Theorem 4. For a given coupling constant c, if
then the master system (6) and the slave system (7) are synchronized in the sense specified above. Now, the problem becomes how to choose a suitable transform matrix D to minimize the value of ρ D · cond(DT). There does not exist a general method for choosing an optimal transform matrix; and yet a natural choice of the transform matrix D would simply be one that minimizes the value of (cond(DT)). Since the condition number of any matrix is greater than or equal to one, we can achieve this as follows: Let Golub & van Loan, 1983] , where Q is an orthogonal matrix and R is an upper triangular matrix. Choosing D = R −T , we have DT = Q T , so cond(DT) = cond(Q) = 1 .
In this case, condition (14) becomes
Moreover, since orthogonal transformation does not change the condition number of a matrix, we have
which implies that the above coordinate transformation cannot increase the product of the Lipschitz constant and the condition number of the matrix of the eigenvectors. In case studies, it is possible to have a better estimate of the value of ρ R −T . For example, consider the special case where the nonlinear part Φ(x) consists of only one nonlinear element in the form
In this case, we have
where r 11 is the element of the (1, 1) entry of R and R 1 is the first column of R −T .
Application to Coupled Chua's Circuits
A widely used system for generating chaotic signals is Chua's circuit [Chua et al., 1993a] . Synchronization of two coupled Chua's circuits have been studied through linear coupling or feedback [Chua et al., 1993b [Chua et al., , 1996 Wu & Chua, 1994; Scheizer, 1997; Wang & Wang, 1998 ], among many other approaches. In particular, it was proven in [Wu & Chua, 1994 ] that synchronization of two Chua's circuits can be achieved with the first state as the coupling variable when the coupling constant is large enough. The key here is that the unique nonlinearity in the circuit is a piecewise linear resistor which depends only on the first state. If this state is taken as the driving signal, communication between the two circuits is not very secure since one could easily find out, at any time, in which linear region the drive system is operating. As a result, this would enable an unauthorized receiver to estimate the system parameters by using conventional linear short-term system identification methods. It was conjectured, based on simulations, that synchronization of two Chua's circuits can be achieved with the second state as the coupling variable when the coupling constant is large enough [Wu & Chua, 1994] , which would significantly increase the security of communications between two coupled Chua's circuits. However, no rigorous argument has been given so far to our knowledge. Based on the new synchronization criterion established above, we herewith prove that synchronization of two Chua's circuits can be achieved with the second state as the coupling variable when the coupling constant belongs to some interval of real values.
In the dimensionless form, two x 2 -coupled Chua's circuits are described by
where f (·) is a piecewise-linear function:
where α > 0, β > 0, γ > 0 and a < b < 0. Using the above-defined notation, we have
The Lipschitz constant for f is ρ = −a, i.e.
In this study, the system parameters are chosen to be α = 10.0000 , β = 15.0000 , γ = 0.0385 , a = −1.2700 , b = −0.6800 .
Without coordinate transforms, we cannot find a coupling constant so that condition (9) is satisfied ( Fig. 1) . However, by using the aforementioned coordinate transform with D = R −T , we can find a range of values for the coupling constant such that condition (15) is satisfied ( Fig. 2) :
for any c ∈ (2.7, 8.3) , which implies that two x 2 -coupled Chua's circuits are indeed synchronized with the system parameters as given by (19) and with any coupling constant c ∈ (2.7, 8.3). We have found that the maximum value of min i Re{−λ i }−ρ R −T is attained at c = 7.4. Thus, we have shown that two x 2 -coupled Chua's circuits can synchronize as long as a suitable coupling constant is used. Although we did not exactly find a universal threshold c * > 0 such that condition (15) holds for any coupling constant c > c * [Wu & Chua, 1994] , we have found a convergence range for the coupling constant to be c ∈ (2.7, 8.3), and more importantly, we have found that, in contrast to intuition, increasing the coupling constant in two x 2 -coupled Chua's circuits may actually decrease the convergence speed of the synchronization error. This has been confirmed by simulation results performed with c = 7.4, 74 and 740, respectively, as shown in Figs. 3-5 .
The new criterion serves as a guideline for choosing a suitable coupling constant in two x 2 -coupled Chua's circuits to guarantee synchronization and to obtain a fast convergence speed. 
Conclusions
In this paper, we have derived a new sufficient criterion for synchronization of coupled chaotic oscillators. As an application example of this criterion, we have proven the conjecture that synchronization of two x 2 -coupled Chua's circuits can be achieved provided that the coupling constant is suitably chosen according to the new criterion. This suggests that the second, instead of the first state of the circuit can be rigorously used for synchronization, so as to increase the communication security between two coupled Chua's circuits.
